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Fuel-Optimal Rendezvous Near a Point in General
Keplerian Orbit

Thomas Carter*
Eastern Connecticut State University, Willimantic, Connecticut

Mayer Humit
Worcester Polytechnic Institute, Worcester, Massachusetts

Based on the linearized equations of motion of a spacecraft near a satellite in general Keplerian orbit and the
assumptions of a bounded thrust magnitude and constant exhaust velocity, a fixed-duration, fuel-optimal rendezvous
problem is formulated and is investigated for the constant-mass case through the solution for the primer vector, which
is shown to satisfy the original differential equations that describe the spacecraft motion during unpowered flight. It
is shown that there are no singular solutions to this rendezvous problem for noncircular Keplerian orbits and that
consequently all optimal solutions for orbit eccentricities greater than zero are constructed from a finite number of
intervals of full thrust and coast where the switches are determined from the primer vector.

I. Introduction

A NUMBER of early researchers contributed to the begin-
nings of the field of Optimal Space Trajectories. God-

dard's problem of determining the method for a rocket to reach
high altitude with minimum fuel expenditure, which was posed
in 1919,1 clearly falls into this field, and was later analyzed by
Leitman2'3 using the calculus of variations. Hohmann's prob-
lem4 of the fuel-optimal transfer of a rocket between two copla-
nar circular orbits was presented in 1925 with an assumed
solution composed of instantaneous initial and terminal thrusts
defining an elliptical coasting orbit tangent to both circles. A
number of papers on this and similar problems were generated
(see the surveys, Refs. 5-8), but a fixed number of instanta-
neous impulses were usually assumed, so that the problem was
one of parameter optimization, and the known methods of the
calculus of variations were not applied. In the forties Con-
tensou5'10 developed optimization methods to analyze a class of
planar problems of determining the optimal motion of
aerospace vehicles through a resisting atmosphere. In the fifties
Lawden produced a number of papers on the general problem
of the fuel-optimal trajectories of a rocket in a Newtonian
gravitational field (see Refs. 5-8), and many of his methods
and results are unified in his book,11 which relies on the
calculus of variations as the tool for optimization. Leit-
rnann12'13 and Edelbaum14~16 contributed significantly to simi-
lar problems.

These early contributions to the field are representative but
far from exhaustive. A vast number of other works can be
found from the surveys.5"8 Later approaches to this field can be
found in the book by Marec,17 which uses the methods of
optimal control theory, some of which are found in the previ-
ously mentioned early works of Contensou.

The development of the mathematical theory of optimal con-
trol, especially the principle of Pontryagin,18 made available
powerful tools for the investigation of optimal space trajecto-
ries. Within this framework, new approaches to questions of
the existence of optimal solutions and sufficiency conditions
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and the investigation and significance of singular solutions
were made possible. For example, Pontryagin's principle estab-
lishes both the necessary and sufficient conditions for fuel-
optimal trajectories in linearized problems because the inte-
grand of the cost function is convex in the state (Ref. 19,
Chapter 5).

The present work uses optimal control theory to investigate
the fixed-time, bounded thrust, fuel-optimal rendezvous of a
spacecraft using direct linearization about a satellite in general
Keplerian orbit. Many other approaches to this type of prob-
lem and the related transfer problem use a linearization with
respect to the orbital parameters associated with the spacecraft.
The idea of variable orbital elements and the introduction of
characteristic velocity instead of time as the independent vari-
able was apparently used for time-open cases first by Con-
tensou,20 followed by Breakwell,21 and then very successfully
by Marchal22 and many others (see Refs. 5, 7, and 17). The
direct approaches have also been useful, especially for lin-
earized rendezvous problems in which the satellite orbit is cir-
cular or near-circular,23""28 using equations of motion
developed independently by Wheelon,29 Clohessy and Wilt-
shire,30 and Geyling.31

Extensions of these linearized equations to include elliptical
satellite orbits were done by DeVries32 (although the third
equation contains an error), Tschauner and Hempel,33 Shul-
man and Scott,34 and for the planar case, Euler.35 As we shall
show, the equations found by these researchers are also valid
for general Keplerian orbits and provide the means for a direct
approach to the linearized rendezvous problem near a satellite
in Keplerian orbit of arbitrary eccentricity. Each of the men-
tioned researchers presented analytical solutions for spacecraft
trajectories associated with their specific investigations based
on these equations, as did Euler and Shulman36 and
Tschauner.37 A much earlier solution of the homogeneous
form of these equations for arbitrary eccentricity, however, was
found by Lawden,38 but Lawden's solution described the
primer vector during the coast phase of a fuel-optimal trajec-
tory of a spacecraft in a Newtonian gravitational field. The
differential equations describing Lawden's primer during coast
also define the linearized spacecraft equations relative to a
satellite in Keplerian orbit during unpowered flight and de-
scribe the primer vector associated with this linearized fuel-
optimal rendezvous problem for the entire flight as well.

We see that Lawden's equations have a variety of interpreta-
tions and applications. Viewed as the solution of the linearized
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equations of relative motion, they can be used to generalize
previous work to describe the relative motion of particles in
separate elliptical orbits.39'40 They were used by Eckel41 just as
defined by Lawden to solve the problem of fuel-optimal orbital
transfer, assuming instantaneous impulses. We use them here
as solutions to the primer of the linearized fuel-optimal ren-
dezvous problem with bounded thrust to extend previous re-
sults from circular satellite orbits25 to general Keplerian orbits
and complement the work of Tschauner,37 who investigated
this problem by assuming two separate engines with a cost
function for each engine effectively reducing the problem to a
planar rendezvous problem.

We also investigate the possibility of singular solutions using
the same general approach as in previous work,25 and show
rigorously that there are none for satellite orbits having an
eccentricity greater than zero, a result found also in Marec's
book (Ref. 17, Chapter 7) for linearized transfer problems
using orbital elements. A similar conclusion was made by
Hempel42 using a simpler and less exact set of equations. For
satellites having a circular orbit, some of the singular solutions
were known in 1969 by Trussing23 for the related problem in
which the thrust of the spacecraft is unbounded; all cases of
singular solutions are in Marec's book, and a recent study43

classifies and discusses the nature of the singular solutions in
detail. Since there are no singular solutions for noncircular
Keplerian orbits, we can conclude that for these cases, all fuel-
optimal trajectories consist of full thrust and coast, and these
intervals are precisely defined by the primer vector, which is
found in terms of elementary functions.

II. The Linearized Equations
We derive the equations of motion of a spacecraft relative to

a satellite in Keplerian orbit about a planet as follows. At time
t, the position of the satellite with respect to the planet is
denoted by the vector R(t), and the position of the spacecraft
measured from the satellite is r(t\ so that the position of the
spacecraft relative to the planet is R(f) + r(f). The spacecraft is
assumed to have a scalar point mass m(f) and an applied thrust
vector T(f) and is acted on by a Newtonian gravitational force
directed toward the center of the planet. In this paper, all
vectors are elements of three-dimensional Euclidean space. For
brevity we will not write the argument of a function in this
section unless the context requires that we emphasize it. Using
the symbol 1 1 to indicate the magnitude or Euclidean norm of
a vector and a dot for differentiation with respect to /, the
equation of motion of the spacecraft is

R+f= -t*(R + r)/\R T/m (1)

where ^ is the universal gravitational constant times the mass
of the planet. Since the satellite is assumed to have no external
force acting on it, its motion is Keplerian:

(2)

The motion of the system is totally governed by Eqs. (1) and
(2). Using Eq. (2), we can eliminate R in Eq. (1), obtaining an
equation of motion of the spacecraft relative to the satellite.
Replacing \R + r\3 by |*|3(1 + 2R • r/\R\2 + |r|2/l*|2)3/2 in Eq.
(1), where the dot is used to indicate the scalar product, and
linearizing the resulting expression, we obtain the following
linear approximation describing the motion of the spacecraft
relative to the satellite:

\R\*

T
rri (3)

where the function R is obtained from Eq. (2) and the initial
conditions. The solution of Eq. (2) is confined to a plane and

defines the well-known Keplerian orbit

\R\ = — (1+ecosfl)-1 (4)

where the angle 9(t), the true anomaly, is measured from the
perigee, the eccentricity e is greater than or equal to zero, and
L is the magnitude of the constant angular momentum divided
by the mass of the satellite. We see from Eq. (4) that we must
have L 7^ 0 to have a nondegenerate orbit. The fact that the
angular momentum is constant is expressed by

\R\20=L (5)

We now transform Eq. (3) from an inertial frame fixed in the
planet to a rotating frame fixed in the satellite. We denote the
vector angular velocity of the satellite by Q(0. The transformed
equation of motion of the spacecraft is

\ R - r R) + —
-j—pr m

(6)

where the symbol x is used to indicate the vector product and
the measurements of r, r, and r are all with respect to the
rotating coordinate system fixed in the satellite. From this
point on, we shall use the notation x instead of r when referring
to the position vector of the spacecraft relative to this coordi-
nate system. For this coordinate system, the positive direction
of the Xl axis is opposed to the motion of the satellite and
perpendicular to the X2 axis, whose positive direction is that of
R, and the X3 axis completes a right-handed system. We let
co(t) = |Q(0| = 0(0 and k = n/L3/2, eliminate \R\3 in Eq. (6) by
using Eq. (5), and write the components of Eq. (6) in the
rotating coordinate system using the appropriate subscripts to
obtain the following system of equations:

= (co2 - kco3/2)xr + cbx2 + 2co;c2 + TJm

x2 = -cbx1 + (co2 + 2kco3/2)x2 - 2CO*! + T2/m

x3 = -kco3/2x3+T3/m (7)

It follows from Eq. (5) that the true anomaly 0 is a strictly
increasing function of t. Because of this one-to-one correspon-
dence, we find it convenient to change the variable from t to 9.
Using a prime to indicate differentiation with respect to 9 and
noting that for a general function <j> of t we have $ — co</>' and
$> = co2</>" + caco'$', the system of Eqs. (7) becomes

co2x'{ + oxo'x'i = (co2 - kco3'2)xl + coco'x2 + 2co2x2 + TJm

co2x2 + axo'x'z = -CQCO'X! + (co2 + 2kco3/2)x2 - 2co2x{ + T2/m

co2x3 + coco'x3 = -kco3/2x3 + T3/m (8)

We note from Eqs. (4) and (5) that

(9)

This expression can never be zero, as can be seen from Eq. (5)
and the fact that L is nonzero. Dividing each equation of Eqs.
(8) by co, substituting Eq. (9) and its derivative co' into the
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resulting equations, and noting the definition of k, we obtain

(1 + e cos9)xi — 2e sin9x{ = e costf^ - 2e sin0x2

+ 2(l+ecos0)x'2 + a1

(l+e cos9)x2 - 2e sin9x'2 = (3 + e cos0)*2 + 2e sin9xl

- 2(1 + e cos0)jc; + a2

(l + e cos0)*3 - 2e sin9x'3 = -x3 + a3 (10)

where the adjusted acceleration vector a(9), whose components
are found in the preceding expression, is given by

a =-
l+ecos0 T L6 T/m

m (1 + e cos0)3 (11)

Except for the differences in the directions of the coordinate
axes and in the applied acceleration terms, Eqs. (10) is the same
as the equations found by Shulman and Scott (Ref. 34, Eq. 2).

Given the function f/m, one can solve the linear nonhomo-
geneous system of Eqs. (10) and (11) to obtain the coordinates
xl9 x2, and x3 in terms of the orbital angle 9. Generally, the
mass m depends on the thrust T. If we assume a constant
exhaust velocity, then m(f) = — \T(t)\/c where c denotes the
constant exhaust velocity. Changing the variable from t to 9,
this equation becomes

m — —£L_*1
cco c\i2(\ +e cos0)2

\T\ (12)

Given Tas a function of the true anomaly 9, the mass of the
spacecraft and its position relative to the coordinate system
centered in the satellite are defined by the system of Eqs, (10-
12). If Tis given as a function of time /, as is the usual situation,
we add Eq. (9), which defines the relationship between t and 9.
For the Keplerian motion of the spacecraft in which the thrust
is zero over an interval, the system reduces to Eqs. (10) with
av = a2 = a3 = 0.

For the Keplerian motion of the spacecraft, Eqs. (10) can be
solved analytically. We note, however, from their form that a
transformation is suggested; in fact they can be rewritten as

1 [(1 + e cos0) VJ' = e cos9x11 + e cos0

+ 2[(l+ecos9)x2]'
I

l+e cos0 [(l+e cos9)2x2]f = (3 + e cos9)x2

+ e cos9)xl\' + a2

-[(l+e a x3Y — —x3 + a3 (13)1 + e cos0

We find it convenient to introduce the vector y = (yl9 y2, y3) by

J>=(1+£?COS0)JC (14)

With this transformation, the system of Eqs. (13) assumes the
succinct form

y'( = iyr2-
3y2

l+e cos0 - 2y\ + a2

(15)

Other less detailed derivations of these equations can be found
for elliptical orbits in Refs. 32-35. The homogeneous form of

these equations first appeared in the work of Lawden38 to de-
scribe the primer vector associated with the unpowered part of
a fuel-optimal rocket trajectory in an inverse square law gravi-
tational field. ,

III. Solutions of the Equations
If the original Eqs. (1) and (2) or the subsequent linearized

version are defined over a fixed, closed-time interval t0 < t < t f ,
then Eqs. (10-15) are also defined on a fixed, closed interval
00 < 9 < 9 f , as can be seen from Eq. (9). In fact,

d0
(l+ecos9)2

where

-cos"11 — )<0 0<0 /<cos~ 1 ( —

(16)

e>l (17)

This integral can be evaluated to establish the relationship
between the total flight time and the terminal and initial orbital
angles of the satellite. Similarly, the instantaneous flight time is
determined from the instantaneous and initial orbital angles as:

i I X/ L t- v \ Ix tan ~ M ̂ ———— tan - , ^ < 1
V 1+^ 2/J

g(0) = 1/2 tan(0/2) + 1/6 tan3(0/2), e = I

I f -gsin0 2
• 8(") ~ 1 ^2 i , ' n^a ~*~ / o "T

x tanh"1 (18)

The first equation of (18) defines a form of Kepler's equation.
Changing the variable from 0 to the eccentric anomaly will
produce the usual form of Kepler's equation.

We now investigate the solution of Eqs. (15) on ari interval
00 < 0 < 9f satisfying Eq. (17). The third equation represents
forced harmonic oscillations and is decoupled from the system.
We can immediately get a first integral of the first equation and
use this result in the second equation to eliminate y\(G) so that
the first two equations become

1 + e cosO (19)

where

f
J»o

(20)

and cl is an arbitrary constant of integration. The complete
solution of the system can be found if any noritrivial solution
is found for the homogeneous linear differential equation

+ [ — 4e cos0^
1 + e cos0 /

(21)

Although this is a special case of Hill's equation, we can find a
solution in terms of elementary functions. One finds that the
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function
(22)

satisfies this differential equation, and by the method of the
reduction of order we find a second solution of Eq. (21) to be
0(0)7(0) where

d9
 (23)

sin20(l+ecos0)2 v }

Although Somewhat expansive, this integral can be evaluated
in terms of elementary functions. We list its evaluation up to an
arbitrary constant of integration as

W)=;

7(0) = -cot0,

tan~

e=Q

l-m
7(0)=

-2 cos30 + 4 cos20 + cos0 - 2
5 s i n 0 ( l + c o s 0 ) 2 '

3e2. , (£-l)G(0)-(*2-l)1/2

(e2-!)3/2

•-E(B),

where

e>\ (24)

G(9)=- sin0
+ cos0

E(9)=-
(25)

\5e3 - 3e2 + 3e- 1)G(0)2 - (e2 -

where bl9 b2, c2, a, and j5 are arbitrary constants. The case
where e = 0 is considerably simpler referring to the case where
the satellite is in circular orbit, and the solution in terms of x(t),
at least for the unpowered flight of the spacecraft, can be deter-
mined from information found in several of the refer-
ences.23'25'28-31

For the case of unpowered flight [a(9) = 0] over the interval
00 < 9 < 6 f , Eq. (27) reduces to

y\(9) = -- ( 1-f e cos0)2 - ^ [( 1 + e cos0)2/(0) + cot0]e e

- — [sin0e

y2(9) =sin0(l +eco

y3(9) = a cos0

+ b2I(9)] - - cos0( 1 + e cos0)e
sin0 (28)

These equations were found by Lawden11'38 in a somewhat
different form as a solution to the primer vector equations
defined by the homogeneous form of Eqs. (15). They were
found later33'34 in the context of describing the position of a
spacecraft near a satellite in elliptical orbit. Note that these
solutions are analytic, since 0(0)7(0) is analytic everywhere in
spite of the fact that 1(9) is riot.

We can find the complete solution of Eqs. ( 10) describing the
spacecraft position relative to a rotating coordinate frame fixed
in the satellite using Eq. (14) by dividing the function y from
Eqs. (27) or (28) by the expression 1 + e cos0. We observe that
the solution of Eqs. (15) is not significantly simpler or easier to
obtain than the solution of Eqs. (10). The primary advantage
of the transformation Eq. (14) is the conciseness of the result-
ing Eqs. (15).

This integral was evaluated in a different form by Lawden.38 It
is seen from each of the preceding four cases that the function
(/>(0)/(0) has removable singularities where sin0 == 0, so that this
function may be regarded as analytic in the region of Eq. (17).

With this information, we find a particular solution of the
nonhomogeneous second equation of Eqs. (19) to be

where

(26)

Having the complete solution of the second equation of Eqs.
(19), we can find the complete solution of the first by integra-
tion. We therefore find the general solution of the system of
Eqs. ( 1 5 ) f o r e > 0 t o b e

cos0)2 - - [( 1 + e cos0)2/(0) + cot0]e

— (l + ecos0)2

e

c2

L(9)
sin20

d0

y2(0) = sin0(l + e cos0) bl + bJ(S)

i = I a - | a3(9) sin0d0 cos0

a3(9) cos0d0 sin0 (27)

IV. Optimal Rendezvous of the Spacecraft
The fuel-optimal rendezvous problem is posed as follows.

We are given real numbers 00 and 9f with 00 < 9f and define the
closed interval 0 = [00, 0j] that satisfies the restriction of Eq.
(17). We are also given a positive real number Tm representing
the maximum allowable magnitude of the thrust. The class of
admissible thrust functions is defined as the set of all Lebesgue
measurable functions T satisfying the bound \T(9)\ < Tm a.e.
on 0. The positive number m0 represents the initial mass of the
spacecraft, the fixed vectors y0 and VQ represent the initial posi-
tion and velocity of the spacecraft respectively after the trans-
formation of Eq. (14), and similarly the vectors yf and vf
represent the final position and velocity respectively. The fuel-
optimal rendezvous pf oblem is to find a thrust function T from
the class of admissible thrust functions which maximizes the
final mass of the spacecraft m(9J) subject to the differential Eqs.
(12) and (15), which hold a.e. on 0, where the function a is
given by Eq. (11), the initial conditions

m(00) = MO

and the terminal conditions

(29)

(30)

(31)

As is seen from Eq. (12), an equivalent formulation of the
problem is to minimize the integral

J[T]
ref

J0o (1+6COS0)2
(32)

subject to the same restrictions.
We now confine ourselves to problems in which 7,37'm/(cju2)

and Of-00 are small enough that the mass expended is
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very small compared with the initial mass ra0. We therefore
disregard Eq. (12) and set w(0)=w0, define the positive
number b = L6Tml(n4m^) and introduce the control function
by u(6) = T(9)/Tm. With these changes we can replace
(L6/n4)T(9)/m(0) in Eq. (11) by bu(9). The fact that the thrust
is bounded is expressed by \u(9)\ < 1. We put Eqs. (15) in state
vector form, changing the notation in Eqs. (30) and (31),
rewrite Eq< (32) in terms of u instead of T, and state the sim-
plified fuel-optimal rendezvous problem as follows.

The set of Lebesgue measurable functions such that
\u(9)\ < 1 a.e. on 0 is called the set of admissible controls. We
seek an admissible control that miminizes

a(0)|d0
cos0)2 (33)

subject to the differential equations

y'(9)=v(9)

*/(0)=^(0)X0)+£K0)+-(1+6?COS0)3

which hold a.e. pn 0 and the fixed-^end conditions

u(9) (34)

(35)

(36)

where the matrices A(9) and B are as follows:

0 0

0
1 + e cos0

0 0 - 1

If there exists an admissible control such that Eqs. (34-37)
are satisfied, then the well-known principle of Pontryagin pro-
vides both the necessary and sufficient conditions for the
solution of the given optimal control problem because the
differential Eqs. (34) are linear and the integrand of Eq. (33) is
independent of the state (Ref. 19, Sec. 5.2). For this reason, the
triple (y, v, u) is a minimizing solution of this optimal control
problem if and only If it satisfies the conditions of Eqs. (34-37)
and if the Hamiltonian defined by

/Kl
(l+ecos0)2

{ ... fao.
(l+ecos0) :

+ p(9)Tv(9)

(38)

when viewed as a function of u0 is minimized by u(9) a.e. on 0
where / > 0 and the functions p and q are solutions of the
adjoint differential equations

= -A(9)Tq(9)

(39)

The superscript T is used to indicate that a matrix is trans-
posed.

For end conditions in which / = 0, a minimizing solution is
called abnormal'; otherwise it is called normal. We shall restrict
our attention to solutions that are normal, in which case / may
be any positive number. We set / == b for convenience.

We see from Eq. (38) that a minimizing control function

u(9) must minimize —————-

Consequently it is defined a.e. on 0 by

0, 1 + e cos0

1 + e cos0

<1

> 1 (40)

1 + e cos0' 1 + ecos0

where/is any Lebesgue measurable function satisfying

0 </(0) < 1 (41)

If a minimizing control function u satisfies either or both of the
first two conditions of Eq. (40) a.e. on a subset S £ 0 of
positive Lebesgue measure, then u is called nonsingular on S. If
it satisfies the third condition of Eq. (40) a.e. on a subset S £ @
of positive Lebesgue measure where/is given by Eq. (41) a.e.
on S, then it is called singular on S.

Equation (40) shows that an optimal control function that is
nonsingular on a measurable set S either has unit magnitude
(full thrust) or is zero (coast) a.e. on S. Whichever of these
situations occurs or whether or not an optimal control function
is singular depends on the function q, which we call the Lawden
primer (Ref. 11, Chapter 3). By eliminating/? in Eq. (39) and
observing from Eq. (37) that A(Q) = A(9)T and B = -BT, we
see that the primer satisfies the differential equation

q"(9)-Bq'(9)-A(9)q(9)=0 (42)

We now compare this equation with the following differential
equation obtained by eliminating v(9) in Eqs. (34):

y"(9)-By'(9)-A(9)y(9) =
(l+ecos0)

:u(9) (43)

It is clear that Eq. (42), which describes Lawden's primer, is
the same differential equation as the homogeneous form of Eq.
(43), which describes the transformed position of the space-
craft during unpowered flight. For this reason, the complete
solution of Eq. (42) is immediately obtained from Eq. (28). As
indicated earlier, this solution also describes Lawden's primer
during the coasting (Keplerian) phase of an optimal rocket
trajectory in a Newtonian gravitational field. In that context it
could not be used to determine when to switch the engine off as
it can here.

We find it convenient to transform Lawden's primer as fol-
lows:

6(0)=#(0)/(l+<?cos0) (44)

With this transformation, the optimal thrusting logic of Eq.
(40) becomes

u(9) =

0,

6(0)
12(0)1'

(45)

16(0)1 =

which holds a.e. on 0 where / satisfies Eq. (41). From the
expression for q as determined from Eqs. (28) and from Eq.
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(44), we see that Q is given by

61 6-> f cos0~]
Q (0) = ——-( !+£? COS0)- — (l+eCOS0)/(0) +——— Ie e \_

+ (K0)] , c2£i_
e \-\-e cos0

e2(0) = i
1 + e cos0

>j + 62/(0)] sin0 —- cos0

a cos0 sin0
1 + e cos0

(46)

where <£(0) is given by Eq. (22) and 7(0) by Eq. (23) or Eqs. (24)
and (25). As previously indicated, Q is analytic, despite its
apparent form. It can be shown that Q is Lawden's primer
associated with x, as described by the system of Eqs. (10), just
as q is Lawden's primer associated with y, as described by the
system of Eqs. (15).

The solution of the simplified fuel-optimal rendezvous prob-
lem is described by Eqs. (23-27) and (11), where (L6/n4)T/m is
replaced by 6w(0) as determined-from Eqs. (45) and (46), where
the constants of integration in Eqs. (27) and (46) are not neces-
sarily the same although the same notation is used. The deter-
mination of these constants for the specified end conditions of
Eqs. (35) and (36) must be accomplished in order to solve
specific rendezvous problems.

V. Investigation for Singular Solutions
The solution of the fuel-optimal rendezvous problem is con-

siderably simplified if it can be shown that there are no singular
solutions, because the optimal thrusting function is then
defined completely in terms of the first two conditions of Eq.
(45) and we can assert that all optimal solutions are comprised
exclusively of intervals of full thrust and coast. We shall show
that this is indeed the case if e > 0. If e = 0, the problem degen-
erates to the simpler case in which the satellite is in circular
orbit. This problem is known to have singular solutions, which
have recently been discussed in detail.43 Earlier studies on sim-
ilar problems in which the linearization is based on orbital
parameters show also that singular solutions occur about a
satellite in Keplerian orbit only if e — 0; these results are sum-
marized by Marec (Ref. 17, Chapter 7).

In order to establish a contradiction, let us assume that e > 0
and that an optimal solution is singular on a subset S ^ 0 of
positive Lebesgue measure. The optimal control function u is
therefore defined by the third condition of Eq. (45), where the
transformed primer Q has unit magnitude a.e. on S so that

gx(0)2 + g2(0)2 + G3(0)2 — 1 = 0 (47)

a.e. on S. Upon substituting the expressions from Eq. (46) into
this equation and squaring terms, the equation can be put in
the form

a(0)/(0)2 + 6(0)7(0) + c(Q) = 0 (48)

where the coefficients 0(0), 6(0), and c(&) are ratios of trigono-
metric polynomials. This notation is completely independent of
earlier terminology.

We first consider the case where e ̂  1. It is seen from the
evaluation of 7(0) through Eq. (24) that, in this case, 7(0) has an
arctangent or logarithm term and is therefore not algebraic
over the field generated by the trigonometric functions; conse-
quently a(9) = 6(0) = c(Q) = 0 a.e. on S. The coefficient a(6) is
by far the most easily evaluated and is found to be given by

(49)

The fact that a(6) = 0 a.e. on S implies that 62 = 0, since the
cosine function cannot be constant on a set of positive mea-

sure. Setting 62 = 0 considerably simplifies the first two equa-
tions of Eqs. (46).

We next consider the case where e = 1. In this case, 7(0) is a
ratio of trigonometric polynomials as seen from Eq. (24), and
the preceding argument does not hold without modification.
Substituting the expression for 7(0) into Eq. (46) and substitut-
ing this result into Eq. (47) leads to a ratio of trigonometric
polynomials, the numerator of which must be zero a.e.
on S. Using a computer program for symbol manipulation,
this numerator was expanded in terms of the linearly inde-
pendent functions cos"0, n = 0, 1 , . . . , 8, and sin0 cosn0,
n = 0 ,1 , . . . , 7. Setting the coefficient of each of these terms
equal to zero establishes 17 algebraic relationships between the
constants 61? 62, cl9 c2, a, and /?. Three of these relationships,
namely the ones obtained from the coefficients of sin0 cos70,
cos70, and cos80 are sufficient to show that 62 = 0.

Having established that 62 = 0, we substitute the resulting
Eqs. (46) into Eq. (47) and expand this in terms of the linearly
independent functions cos"0, n = 0, 1, 2, 3, 4 and sin0 cosn0,
n — 0, 1, 2, 3 using the computer program for algebraic manip-
ulation. The resulting expression is zero a.e. on S, and by the
linear independence of the terms, we can set the nine co-
efficients equal to zero. This establishes nine algebraic equa-
tions in the constants 61? c1? c2, a, and /?. The examination of
these equations shows them to be inconsistent unless e = 0.
This shows that singular solutions are impossible for e > 0.

Having found that there are no singular solutions for e > 0,
we can assert that for noncircular Keplerian orbits of the satel-
lite, the fuel-optimal normalized thrust of the spacecraft is
defined by the logic

0, \Q(0)\ (50)

a.e. on 0 where 2(0) is determined by Eqs. (46). Since Q is
continuous, we see that 0 can be decomposed into the union of
a relatively open set of zero applied thrust, a relatively open set
of full thrust, and a closed set of Lebesgue measure zero where
Eq. (47) is satisfied, which includes the switches between thrust
and coast. Since 0 is bounded, it can be shown from the fact
that the left-hand side of Eq. (47) is analytic that at most
finitely many switches are possible, so that 0 can be decom-
posed into a finite number of relatively open intervals of full
thrust and coast separated by isolated switches. The determina-
tion of the maximum number of switches given the closed inter-
val 0 and arbitrary fixed-end conditions is an unsolved
problem. Even for the case in which the satellite orbit is circular
and 9f — 0Q = 2n, this problem is presently unsolved, although
the maximum number of thrusting and coasting intervals is
conjectured to be seven.44

VI. Conclusions
The structure of the solution of the fixed-duration linear

fuel-optimal rendezvous problem of a spacecraft with a con-
stant mass and bounded thrust near a satellite in arbitrary
Keplerian orbit has been determined, generalizing previous
work in which the satellite orbit is circular and complementing
the work of Tschauner and Hempel for elliptical orbits. It is
shown that Lawden's solution for the primer vector for coast-
ing intervals found in 1954 also applies to this problem during
coasting or thrusting intervals. A rigorous argument shows
that no intermediate thrust arcs are possible for noncircular
Keplerian orbits of the satellite and that any optimal solution
can be constructed from a finite number of intervals of full
thrust and coast.

References
'Goddard, R. H., "A Method of Reaching Extreme Altitudes,"

Smithsonian Inst. Publ. Misc. Collect 71, 1919.
2Leitmann, G., "A Calculus of Variations Solution of Goddard's

Problem," Astronautica Acta, Vol. 2, 1956, pp. 55-62.



NOV.-DEC. 1987 FUEL-OPTIMAL RENDEZVOUS 573

3Leitmann, G., "A Note on Goddard's Problem," Astronautica
Acta, Vol. 3, 1957, pp. 237-240.

4Hohmann, W., Die Erreichbarkeit der Himmelskorper, Oldenbourg,
Munich, Germany, 1925.

5Edelbaum, T. N., "How Many Impulses?" Astronautics and Aero-
nautics, Vol. 5, 1967, pp. 64-69.

6Bell, D. J., "Optimal Space Trajectories, A Review of Published
Work," The Aeronautical Journal of the Royal Aeronautical Society,
Vol. 72, 1968, pp. 141-146.

7Robinson, A. C., "A Survey of Methods and Results in the Deter-
mination of Fuel-Optimal Space Maneuvers," A.A.S. Paper 68-091,
AAS/AIAA Astrodynamics Specialist Conference, Sept. 1968.

8Gobetz, F. W. and Doll, J. R., "A Survey of Impulsive Trajecto-
ries," AIAA Journal, Vol. 7, 1969, p. 801.

9Contensou, P., "Note sur la Cinematique Generale du Mobile
Dirige," Communication a1 VAssociation Technique, Maritime et Aero-
nautique, Vol. 45, 1946.

10Contensou, P., "Application des Methodes de la Mecanique du
Mobile Dirige a la Theorie du Vol Plane," Communication a'VAssocia-
tion Technique, Maritime et Aeronautique, Vol. 45, 1950.

HLawden, D. F., Optimal Trajectories for Space Navigation, Butter-
worths, London, England, 1963.

12Leitmann, G., "On a Class of Variational Problems in Rocket
Flight," Journal of the Aerospace Sciences, Vol. 26, 1959, pp. 586-591.

13Leitmann, G., "Extremal Rocket Trajectories in Position and
Time Dependent Force Fields," Optimization Techniques, Chapter 5,
Academic Press, New York, 1962.

14Edelbaum, T. N., "Optimization Problems in Powered Space
Flight," Recent Developments in Space Flight Mechanics, Advances in
Space Science and Technology Series, Vol. 9, American Astronautical
Society, Tarzana, CA, 1966.

15Edelbaum, T. N., "Minimum Impulse Transfers in the Near Vicin-
ity of a Circular Orbit," Journal of the Astronautical Sciences, Vol. 14,
1967, pp. 66-73.

16Edelbaum, T. N., "Optimal Space Trajectories," Analytical
Mechanics Associates Report 69-4, 1969.

17Marec, J. P., Optimal Space Trajectories, Elsevier, New York,
1979.

18Pontryagin, L. S., Boltyanski, V. G., Gamkrelidze, R. V., and
Mishchenko, E. F., The Mathematical Theory of Optimal Processes,
Wiley, New York, 1962.

l9Lee, E. B. and Markus, L., Foundations of Optimal Control Theory,
Wiley, New York, 1967.

20Contensou, P., "Etude Theorique des Trajectoires Optimales dans
un Champ de Gravitation, Application au Cas d'un Centre d'Attrac-
tion Unique," Astronautica Acta, Vol. 8, 1962, pp. 134-150.

21Breakwell, J. V., Minimum Impulse Transfer, AIAA Progress in
Astronautics Series, Vol. 14, 1963.

22Marchal, C., "Transferts Optimaux Entre Orbites Elliptiques
Coplanaires (Duree Indifferente)," Astronautica Acta, Vol. 11, 1965,
pp. 432-445.

23Prussing, J. E., "Optimal Four-Impulse Fixed Time Rendezvous in
the Vicinity of a Circular Orbit," AIAA Journal, Vol. 7, 1969, pp.
928-935.

24Tschauner, J. and Hempel, P., "Optimale Beschleunigungspro-

gramme fur das Rendezvous-Manover," Astronautica Acta, Vol. TO,
1964, pp. 296-307.

25Carter, T., "Fuel-Optimal Maneuvers of a Spacecraft Relative to a
Point in Circular Orbit," Journal of Guidance, Control, and Dynamics,
Vol. 7, 1984, pp. 710-716.

26Prussing, J. E., "Optimal Two- and Three-Impulse Fixed-Time
Rendezvous in the Vicinity of a Circular Orbit," AIAA Journal, Vol. 8,
1970, pp. 1221-1228.

27Gross, L. R. and Prussing, J. E., "Optimal Multiple-Impulse
Direct Ascent Fixed-Time Rendezvous," AIAA Journal, Vol. 12, 1974,
pp. 885-889.

28Anthony, M. L. and Sasaki, F. T., "Rendezvous Problem for
Nearly Circular Orbits," Journal of Guidance, Control, and Dynamics,
Vol. 3, 1965, pp. 1666-1673.

29Wheelon, A. D., "Midcourse and Terminal Guidance," Space
Technology, Wiley, New York, 1959.

30Clohessy, W. H. and Wiltshire, R. S., "Terminal Guidance System
for Satellite Rendezvous," Journal of the Aerospace Sciences, Sept.
1960, pp. 653-658, 674.

31Geyling, F. T., "Satellite Perturbations from Extra-Terrestrial
Gravitation and Radiation Pressure," Journal of the Franklin Institute,
Vol. 269, 1960, pp. 375^07.

32De Vries, J. P., "Elliptic Elements in Terms of Small Increments of
Position and Velocity Components," AIAA Journal, Vol. 1, 1963, pp.
2626-2629.

33Tschauner, J. and Hempel, P., "Rendezvous zu einemin elliptischer
Bahn umlaufenden Ziel," Astronautica Acta, Vol. ll, 1965, pp.
104-109.

34Shulman, Y. and Scott, J., "Terminal Rendezvous for Elliptical
Orbits," AIAA Paper 66-533, Proceedings of the AIAA Fourth
Aerospace Sciences Meeting, Los Angeles, CA, June 1966.

35Euler, E. A., "Optimal Low-Thrust Rendezvous Control," AIAA
Journal, Vol. 7, 1969, pp. 1140-1144.

36Euler, E. and Shulman, Y., "Second-Order Solution to the Ellipti-
cal Rendezvous Problem," AIAA Journal, Vol. 5, 1967, pp. 1033-1035.

37Tschauner, J., "Elliptic Orbit Rendezvous," AIAA Journal, Vol. 5,
1967, pp. 1110-1113.

38Lawden, D. F., "Fundamentals of Space Navigation," Journal of
the British Interplanetary Society, Vol. 13, 1954, pp. 87-101.

39Lancaster, E. R., "Relative Motion of Two Particles in Elliptic
Orbits," AIAA Journal, Vol. 8, 1970, pp. 1878-1879.

40Berreen, T. and Sved, G., "Relative Motion of Particles in Co-
planar Elliptic Orbits," Journal of Guidance, Control, and Dynamics,
Vol. 2, 1979, pp. 443-446.

41Eckel, K. G., "Optimal Impulsive Transfer with Time Constraint,"
Astronautica Acta, Vol. 9, 1982.

42Hempel, P., "Regular and Singular Controls in Multidimensional
Optimum Transfer Problems," Advanced Problems and Methods for
Space Flight Optimization, edited by B. D. DeVeubeke, Pergamon,
New York, 1969.

43Carter, T., "Singular Fuel-Optimal Space Trajectories Based on a
Linearization about a Point in Circular Orbit," Journal of Optimization
Theory and Applications, Vol. 54, Sept. 1987.

^Carter, T., "How Many Intersections Can a Helical Curve Have
with the Unit Sphere During One Period?," unsolved problems section,
The American Mathematical Monthly, Vol. 93, Jan. 1986, pp. 41-44.


